Activity-related variations in the solar oscillation properties have been known for 30 years. However, the relative importance of the different contributions to the observed variations is not yet fully understood. Our goal is to estimate the relative contribution from sunspots to the observed activity-related variations in the frequencies of the acoustic modes. We use a variational principle to relate the phase differences induced by sunspots on the acoustic waves to the corresponding changes in the frequencies of the global acoustic oscillations. From the sunspot properties (area and latitude as a function of time), we are able to estimate the spot-induced frequency shifts. These are then combined with a smooth frequency shift component, associated with long-term solar-cycle variations, and the results compared with the frequency shifts derived from the Global Oscillation Network Group (GONG) data. The result of this comparison is consistent with a sunspot contribution to the observed frequency shifts of roughly 30%, with the remaining 70% resulting mostly from a global, non-stochastic variation, possibly related to the changes in the overall magnetic field. Moreover, analysis of the residuals obtained after the subtraction of the model frequency shifts from the observations indicates the presence of a 1.5-yr periodicity in the data in phase with the quasi-biennial variations reported in the literature.
INTRODUCTION
As a result of the solar cycle, the properties of the acoustic oscillations are observed to vary in a periodic way: as the activity level increases, the mode frequencies and the damping rates increase, while the amplitudes decrease (e.g. Woodard & Noyes 1985; Libbrecht & Woodard 1990; Elsworth et al. 1990; Chaplin et al. 1998; Dziembowski & Goode 2005; Metcalfe et al. 2007; Tripathy et al. 2011; Salabert et al. 2011 Salabert et al. , 2015 . These activityrelated variations are expected to be common in solar-like pulsators. In fact, the signature of magnetic cycles in the seismic data was detected in three solar-type stars: HD 49933 observed by the CoRoT space telescope (García et al. 2010a,b; Régulo et al. 2016) , and the Kepler targets KIC 10644253 (Salabert et al. 2016) and KIC 3733735 (Régulo et al. 2016) .
The activity-related variations in acoustic frequencies can result from different contributions, whose impact is still not well understood. Magnetic cycles lead to periodic changes in the global magnetic field, as well as in the total area covered by active regions, where sunspots emerge. The impact of the global magnetic ⋆ E-mail: asantos@astro.up.pt field and its associated structural and thermal variations on the oscillations was addressed, e.g., by Dziembowski & Goode (2005) . However, localized regions of strong magnetic field can also contribute with direct (Lorentz force) and indirect effects (thermal and structural changes).
The frequency shifts are found to be more strongly correlated with the activity proxies that are sensitive to the weak component of the magnetic field (e.g. Tripathy et al. 2007; Chaplin et al. 2007; Jain et al. 2009 ). However, Tripathy et al. (2007) and Jain et al. (2009) argued that the strong magnetic field component also affects significantly the acoustic frequencies. This is corroborated by the frequency shifts' sensitivity to the latitudinal distribution of active regions (e.g. Hindman et al. 2000; Howe et al. 2002; Chaplin et al. 2004 ).
The main goal of this work is to estimate the contribution of sunspots to the observed variations in the acoustic frequencies. In order to do so we follow the approach of Cunha & Gough (2000) to construct a model for the frequency shifts induced by spots (Sect. 2). Given the sunspot properties at each epoch, the model allows for the estimation of the spot-induced frequency shifts over the solar cycle. The results obtained with real sunspot data and the corresponding comparison with the observational data are presented in c 2016 The Authors Sect. 3. In Sect. 4, we apply our model to synthetic data and we discuss the results. Section 5 summarizes our main conclusions.
MODEL FOR THE SPOT-INDUCED FREQUENCY SHIFTS
The presence of sunspots on the solar photosphere can affect the propagation of acoustic waves, hence modifying the frequencies of global modes of oscillation. One way to quantify the sunspots' impact on the frequencies of global acoustic modes is by considering how the normal-mode solutions are locally perturbed by the presence of a sunspot. That perturbation can be expressed as a phase difference (∆δ ) between the solutions that would be obtained in the presence and in the absence of a spot. To fully incorporate the spot's effect, including both the direct and indirect effects, the phase must be computed at a fiducial depth, R * , that is below the region of influence of the sunspot (while still sufficiently close to the surface, for the local plane-parallel approximation to be valid). We note that (∆δ ) represents a local shift in the phase of the normal modes and should not be confused with the phase shift determined in a local-helioseismic analysis (for details see Cunha et al. 1998; Cunha & Gough 2000) . Previous studies carried out in the context of strongly magnetic pulsating stars (e.g. Cunha & Gough 2000) show that the phase difference ∆δ depends on the magnetic field strength and inclination, as well as on the mode frequency, which affects the phase with which the wave enters the region of influence of the sunspot. However, the dependence on the mode degree is very weak, as the velocity fields of the modes of low and intermediate degree, and similar frequency, have a similar depth dependence in the very superficial layers, propagating almost vertically there, and thus interacting in a similar manner with the magnetic field.
The dependence of ∆δ on the properties of the magnetic field implies that this phase difference varies with the position within the spot. Nevertheless, the associated impact on the frequencies of the global oscillations is only an integrated one, which can be obtained by applying a variational principle. Based on the latter, Cunha & Gough (2000) (see also Cunha et al. (1998); Cunha (1999) for an application to sunspots) derived the following relation for the fractional spot-induced frequency shifts, in spherical coordinates (r,θ ,φ ),
where ω is the angular frequency of the mode (ω = 2πν), c is the sound speed, κ is the radial component of the acoustic wave number, r l 1 is the lower turning point of the mode, and ∆δ is the integral phase difference
In the above,
and P m l are Legendre polynomials normalized such that the denominator is unity. The indices l and m indicate the mode angular degree and azimuthal order, respectively. At any given time, ∆δ in Eq. (2) is non-zero only where spots are located.
According to Eqs. (1)- (2), the computation of the spot-induced frequency shifts from first principles would require the knowledge of the function ∆δ within each individual sunspot. Modelling each individual sunspot over a solar cycle is clearly an impossible task, but an estimate of the spot-induced frequency shifts may still be made by considering a characteristic phase difference, ∆δ ch , equal for all spots. This is accomplished by substituting ∆δ in Eq. (2) by a function that is zero outside the sunspots and equal to a constant value ∆δ ch inside the sunspots. In practice this corresponds to assuming that the sunspot area and position on the solar surface are the only properties that distinguish the impact of different sunspots on the frequencies.
Two different approaches may be followed to estimate ∆δ ch . The first is to consider a model for the stratification and magnetic field of a characteristic sunspot and solve the pulsation equations adequate for a plasma permeated by a strong magnetic field. This was performed in part in an earlier work (Santos et al. 2012) , where the authors considered an incomplete case in which only the indirect effect of the magnetic field on the oscillations (via the magnetically-induced changes in the stratification) was taken into account. They concluded that this indirect effect is small compared to the total spot's effect, in agreement with earlier findings by Cally et al. (2003) and Gordovskyy & Jain (2007) . While this approach may have the advantage of determining the phase difference from first principles, including the presumably dominant direct effect of the magnetic field is a rather complex task. Moreover, the results will necessarily depend on our ability to correctly model a typical sunspot.
A second approach, which we will adopt in the current work, consists in taking ∆δ ch as a parameter to be constrained by direct comparison of the frequency shifts derived from Eqs. (1)- (2) and the observations. A potential difficulty in this case comes from the fact that the observed frequency shifts are not produced exclusively by the sunspots. Nevertheless, for observations with sufficient time resolution the short-term, stochastic-like frequency variations associated with the effect of the sunspots may be distinguished from the longer-term variations. This will be illustrated in Sect. 3 where the relative importance of the two contributions will be established.
To proceed, we substitute the phase difference in Eqs.
(1)-(2) by the characteristic parameter ∆δ ch . This parameter will be considered frequency-dependent, but, for the reasons explained previously, we shall neglect its dependence on mode degree. Taking the central colatitude (θ i ) and longitude (φ i ) of a given spot i, and having in mind that the spherical harmonic functions do not vary significantly within the spot, we approximate, for each spot,
where
c −2 κ −1 dr is related to the inertia of the mode and φ min i , φ max i , θ min i , θ max i define the limits of the spot.
Considering the temporal variation of the sunspot properties, Eq. (3) can be rewritten as
where R is the solar radius and A i the area of a given spot i. In addition to the temporal variation, the fractional frequency shifts given by Eq. (4) depend on mode frequency, due to the frequency dependence of ∆δ ch , and on mode degree, due to the degree dependence of the Legendre polynomial and the degree dependence of the mode inertia (reflected in the integral I l ).
RESULTS
In order to study the contribution of the sunspots to the observed activity-related frequency shifts, we have used the sunspot daily records from the National Geophysical Data Center (NGDC/NOAA). This database includes daily information about each observed sunspot group, such as latitude and area. With the sunspot group area and latitude in hand, Eq. (4) allows for the estimation of the spotinduced frequency shifts for different radial orders, angular degrees, and azimuthal orders, for any given characteristic phase difference.
In this work the model frequency shifts will be compared with the observational data from GONG presented in Tripathy et al. (2011) . In the latter, the acoustic frequencies were obtained with a cadence of 36 days and an overlap of 18 days. Tripathy et al. (2011) used in their calculations the modes of degree between l = 0 and 100 with frequencies ranging from 2000 to 3300 µHz that are present in all the sub-datasets. For each multiplet the authors first derived a central frequency. The central frequency shifts, defined by comparison with a reference value, were then combined, weighted by the corresponding mode inertias, to establish a mean frequency shift for the observed frequency range.
Within the frequency range considered by Tripathy et al. (2011) , the observed frequency shifts are almost a linear function of the frequency (e.g Libbrecht & Woodard 1990; Chaplin et al. 2001; Basu 2002) . Therefore, the mean frequency shifts derived by the authors provides a good estimate of the frequency shifts of modes with frequencies close to the middle of the observed interval. With this in mind, in the computation of the model frequency shifts we will consider the frequency closest to the center of the frequency range used by Tripathy et al. (2011) (frequencies from Rabello-Soares & Appourchaux 1999). This implies that the phase difference ∆δ ch that will be inferred from comparison of our model with the observations must be interpreted as the characteristic phase difference at that frequency.
The NGDC/NOAA data includes only the sunspots emerging on the visible side of the Sun. Since all sunspots on the solar surface, and not only the visible ones, contribute to the frequency shifts, we must make an assumption about the contribution of the invisible spots. As there is no reason to expect systematic differences between the two sides, it is reasonable to assume that on average the contributions are equal. Therefore, the fractional frequency shifts will be computed from Eq. (4) by taking twice the value obtained when only the visible spots are considered. The impact of doing so will be discussed at length in Sect. 4, where we will repeat our analysis using synthetic solar-cycle data. The spot-induced frequency shifts, δ ν lm = δ ω lm /2π, are computed for l = 0 − 100 and the corresponding azimuthal orders. In this calculation we have taken R * to correspond to a radius of 10 Mm below the photosphere. The model frequency shift associated to a given angular degree, δ ν l , is then calculated following the same procedure used by Tripathy et al. (2007 Tripathy et al. ( , 2011 . In particular, we fit the δ ν lm to a polynomial expansion of the form
where j max is 2l for l ≤ 4 and 9 for l > 4, a j are the splitting coefficients and P j is the Legendre polynomial of order j. The model mean frequency shifts δ ν(t) are then defined as where Q l is the inertia ratio (E l /E 0 (ν l ); Christensen-Dalsgaard & Berthomieu 1991). δ ν spots is thus the model equivalent to the observable constructed by Tripathy et al. (2011) based on the GONG data, but including only the spotinduced part of the frequency shifts. For a known sunspot distribution, it depends on the single parameter ∆δ ch .
It is well known that the observed frequency shifts do not result only from the effect of the sunspots (e.g. Tripathy et al. 2007; Chaplin et al. 2007; Jain et al. 2009 ). Other effects, such as the variation of the global magnetic field and structural and thermal changes act on much longer time-scales. As a consequence, in order to reproduce the observations it is necessary to add to our model an additional component of the frequency shifts, varying on longer time-scales. That will be done later in this section. Nevertheless, it is instructive to consider, for a moment, the hypothetical case in which spots are the sole responsible source of the observed frequency shifts. In this case, the characteristic phase difference may be determined by fitting the model for the spot-induced frequency shifts to the observational data (δ ν obs ). To that end, we obtain the 36-day averages (with an overlap of 18 days) of the daily spotinduced frequency shifts. Then, using the consecutive independent data points 1 , the best fit is obtained through a χ 2 minimization between the observational values and the model values, δ ν spots . We find that ∆δ ch ∼ −1.51 and the corresponding model-data comparison is shown in Fig. 1 .
As seen from Fig. 1 , the amplitude of the frequency shifts' variations is about three times larger in the model than in the observed data. This is a consequence of having taken the spots to be the sole responsible for the observed frequency shifts, which, as mentioned earlier, is well known not to be the case. In other words, while sunspots contribute both to the long and short-term variations in the oscillation frequencies, if they were the single cause for the frequency shifts, the observations would show a much more significant short-term variance. We can thus ask the question of how significant would a long-term-varying component originating from sources other than the sunspots have to be, in order to adequately fit the observations. To address this question, we add the longterm-varying component (δ ν global ) to the frequency shifts, which may be associated to the effect of the overall solar magnetic field and to global structural and thermal changes. Different approaches may be used to define the smooth component. Given that the longterm frequency shifts variations are well correlated with the longterm variations in the sunspot number (e.g. Tripathy et al. 2007; Chaplin et al. 2007; Jain et al. 2009 Jain et al. , 2012 , one option is to use the function that was proposed by Hathaway et al. (1994) to fit the sunspot number. Accordingly, we fit the observed frequency shifts with the function
where A is the amplitude, t 0 is the starting time, B is related to the size of the rising phase and C is the asymmetry parameter. The values of the parameters found from the fit are: A ∼ 6.76, B ∼ 4.71, C ∼ −0.46, and t 0 ∼ 1995.06. The model frequency shifts are then given by δ ν model = δ ν global + δ ν spots ,
where δ ν global = w f (t) and w is the weight of the smooth component, to be defined by fitting the data. Thus, our model contains two parameters, w and ∆δ ch . From a χ 2 minimization between δ ν model and the observations, we find w ∼ 0.71 and ∆δ ch ∼ −0.44. The latter can be used to estimate the travel-time perturbation induced by a sunspot (relative to the quiet sun). An explicit relation between the double-skip travel-time perturbation, τ 2 (e.g. Zhao & Kosovichev 2006) and the phase shift of normal modes has been derived by Cunha et al. (1998, eq. 8) . Using the value of ∆δ ch and the frequency of the center of the observed interval in this equation, we estimate the one-half of the double-skip travel-time perturbation to be τ 2 /2 ∼ −0.37 min. Figure 2 shows the comparison between the observed frequency shifts and the results for δ ν model with the parameters derived above. The resulting frequency shifts are in reasonable agreement with the observational data indicating that our simple, twoparameter model captures the main features contained in the observed frequency shifts. The weight of the smooth component, w, gives an estimate of the contribution resulting from the changes in the global magnetic field and associated structural and thermal variations, which is ∼ 70%. The remaining ∼ 30% correspond then to the spot-induced contribution.
DISCUSSION
Different approaches may be considered to model the smooth component introduced in Sect. 3. While we have opted to use the function defined by Hathaway et al. (1994) , we have also assessed the robustness of our results to changes in the modelling of the smooth component. We considered an alternative approach in which the function f(t) is defined by a smoothed version of the observed frequency shifts obtained through the application of a 360-day filter. Moreover, we have also considered an alternative approach to the model-data comparison, by which we have first subtracted a smooth component to both the observed and the spot-induced frequency shifts (obtained through the application of a 360-day filter to each set) and, then, fitted the residuals. In both cases the global and spot-induced fractional contributions were found to be similar to the values estimated in the original analysis, with the parameter w agreeing to better than 10% with the value estimated in Sect. 3.
While the results from our two-parameter model reproduce reasonably well the observed frequency shifts, we see from the lower panel of Fig. 2 that some differences still exist between the two. Part of these residuals may be connected to the fact that only the visible sunspot groups are recorded in the NGDC/NOAA daily records. The observed frequency shifts are affected by the spots appearing throughout the whole solar surface. Thus, using the visible groups in the computation of the spot-induced frequency shifts from Eq. (4) and considering that the total spot-induced component is twice the value may introduce statistical differences between the model predictions and the observations. Since there is no data for the sunspots emerging on the invisible side of the Sun, the only way to check the impact of this limitation is to recur to simulations, which we will do by performing the same analysis as in Sect. 3 but using synthetic sunspot records obtained with the empirical tool developed by Santos et al. (2015) . With this tool we simulate the number of sunspot groups, the total area covered by them and their latitudinal distribution along one complete solar cycle. The output from this tool is analogous to that of the real daily records.
Following the methodology described in Sect. 3, we obtain the daily frequency shifts induced by all the groups on the solar surface (case 1) and by the visible groups alone assuming that they are a reasonable representation of both (visible and invisible) sides of the Sun (case 2). The first of these cases is used to simulate a model frequency-shift cycle, i.e. a model equivalent of the observations considered in the previous section, while the second is used to estimate the error made when taking only the visible sunspot groups for the frequency shift calculations, with a factor of two to account for the invisible side. Since we want our model-simulated cycle to be as similar to the real data as possible, in the first case the parameter ∆δ ch needed to compute δ ν spots is determined in such a way that the sum of the variations of the frequency shifts obtained from synthetic data coincides with the value found using the observed frequency shifts, i.e. ∑ k |∆δ ν| obs,k = ∑ k |∆δ ν| synt-spots,k , where ∆δ ν = δ ν k+1 − δ ν k and different indices k correspond to the different data points. To the synthetic δ ν spots we add the smooth component found in Sect. 3, with a weight w, to obtain the model frequency shifts for case 1 (hereafter δ ν ⊙ ). The weight w is determined through a χ 2 minimization with the observed data. The frequency shifts δ ν ⊙ are now taken as the reference with which we compare the results obtained from the visible spots alone. We then proceed exactly as in Sect. 3, but substituting the observed frequency shifts by the reference-model frequency shifts, and the frequency shifts based on sunspot data from NGDC/NOAA by the frequency shifts obtained from simulated data for the visible side alone, hereafter δ ν visible ⊙ . Figure 3 shows the comparison between δ ν ⊙ and δ ν visible ⊙ for a given simulation of the sunspot cycle.
The differences between the model frequency shifts derived when considering all synthetic sunspot groups at the surface and when considering just the visible groups (in Fig. 3 ) are significantly smaller and more evenly distributed than the ones found in Sect. 3. We, therefore, conclude that the main differences seen in Fig.  2 are not explained by the fact that the sunspot data used for the computation of the model frequency shifts in Sect. 3 only contain information on the groups emerging on the visible side of the Sun.
Since the simulations of the sunspot cycles are stochastic, we repeated the procedure described above for a large number of synthetic data sets. We found that the spot-induced contributions to the frequency shifts obtained when considering all synthetic sunspot groups and the visible groups alone, differ, on average, by less than 3%. The difference is small due to the 36-day averaging of the frequency shifts. This average dilutes the daily differences that may exist between the area and position of the spots in each side of the Sun. This reassures us that the estimated value for the spot-induced frequency shifts' contribution found in Sect. 3 is robust, even if computed from data for the visible sunspots only.
A closer inspection of the residuals shows that these seem to be in phase with the quasi-biennial variations found in the fre- quency shifts by Fletcher et al. (2010) and Broomhall et al. (2012) , having a significant periodicity of ∼1.5 years (Fig. 4) . A more detailed analysis indicates that the 1.5-yr periodicity is intrinsic to the observed frequency shifts.
This may point to a global contribution with structure in an intermediate time-scale, as opposed to one that varies only on the time-scale of the solar cycle, as considered in Sect. 3. In addition, the characteristic phase difference may vary during the solar cycle, e.g. as a result of changes in the typical structure and magnetic field within the sunspots. This could also contribute to the differences seen in Fig. 2 .
CONCLUSIONS
Our results indicate that there are two main contributions to the total activity-related frequency shifts. A spot-induced contribution of about 30%, that is responsible for the stochastic behaviour of the frequency shifts as well as for part of their long-term variations, and a global contribution of about ∼70%, varying on the time-scale of the solar cycle, possibly related to the changes in the overall magnetic field. This is consistent with the results obtained by Jain et al. (2009) when studying the correlations between the frequency shifts and different activity indices. Furthermore, the characteristic phase shift derived from the fit of our two-parameter model to the data translates into a travel-time perturbation that is consistent with those inferred from time-distance helioseismology (Duvall 1995; Duvall et al. 1996; Zhao & Kosovichev 2006) .
We have checked that our results are robust against changes in the form adopted for the global component. Moreover, based on synthetic data, we have demonstrated that they would not change in any significant way, if all the sunspots emerging on the surface of the Sun could be considered, rather than just the visible ones. Although, our model frequency shifts agree reasonably well with the observed frequency shifts, we find evidence for variations in the data at time-scales not accounted for in our model. These could either be associated with intermediate-term variations in the spot-induced phase shifts or with intermediate-term variations in the non-spot contributions. Despite these differences, we note that the contributions of 70% and 30% derived from our model are robust, as they depend essentially on the relative amplitudes of the stochastic and smooth components seen in the observations. In fact, we also verified by testing models with an additional intermediateterm component, that small corrections to the model associated to activity on intermediate time-scales will not change the estimated fractional contribution of the spot-induced and global components in any significant way.
With the increasing number of solar-like stars with detected activity-related variations in the frequencies of the acoustic modes (García et al. 2010a; Salabert et al. 2016; Régulo et al. 2016 ), the understanding of the different contributions to those variations becomes even more important. If the contribution from starspots to the frequency shifts in solar-like pulsators is comparable to that found in this work for the case of the Sun, the amplitude of those shifts can be used to estimate the surface coverage of starspots.
